
hina

PHYSICAL REVIEW E 69, 016403 ~2004!
Head-on collision of dust-acoustic solitary waves
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The head-on collision between two dust-acoustic solitary waves in an unmagnetized dusty plasma is inves-
tigated, including consideration of the dust charge variation. By using the extended Poincare´-Lighthill-Kuo
perturbation method, the analytical phase shifts following the head-on collision are derived. The effects of the
ratio of ion temperature to electron temperature, the ratio of the number density of ions to the number density
of electrons, and the dust charge variation on the phase shift are studied. It is found that the dust charge
variation significantly modifies the phase shift.
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It is well known that the dynamics of dusty plasmas
very different from that of the usual electron-ion plasma. T
presence of highly negatively charged dust grains in plas
can modify the collective behavior of a plasma, as well
excite new modes and new nonlinear phenomena, suc
dust-ion-acoustic ~DIA ! waves @1#, dust-acoustic ~DA!
waves@2#, dust lattice~DL! waves@3#, dust Coulomb waves
@4#, dust voids@5,6#, dust vortex flows@7#, etc. Among them,
the DIA solitary waves, the DA solitary waves, the DL so
tary waves, and the envelope DIA/DA solitary waves@8# are
very important nonlinear structures and have been ex
sively studied both theoretically and experimentally and
ported in some review articles@9–11# or books@12,13# over
the last few years. In recent years, investigation of
DIA/DA solitary waves has also been extended to nonpla
geometry@14–18# and resulted in considerable success
clarifying many aspects of the characteristics of DIA/D
solitary waves. In the process of soliton propagation in du
plasmas, wave-wave interaction is another interesting
important nonlinear phenomenon. Up to now, however, th
is no detailed investigation about the interaction of DIA/D
solitary waves. We know that one of the striking propert
of solitons is their asymptotic preservation of form wh
they undergo a collision, as first remarked by Zabusky a
Kruskal @19#. In a one-~or quasi-one-!dimensional system
there are two distinct soliton interactions. One is the overt
ing collision and the other is the head-on collision@20#. Be-
cause of the multisoliton solutions~travel in the same direc
tion! of the Korteweg–de Vries~KdV! equation, the
overtaking collision of solitary waves can be studied by
inverse scattering transformation method@21#. However, for
a head-on collision between two solitary waves, we m
search for the evolution of waves traveling to both sides,
hence we need to employ a suitable asymptotic expansio
solve the original fluid dynamic equations. Hence, in t
paper, based on a one-dimensional model, the head-on c
sion between two DA solitary waves is investigated by
extended Poincare´-Lighthill-Kuo ~PLK! method@20,22,23#.
It is shown that bi-directional solitary waves are propaga
and head-on collision of these two solitons occurs. The ph
shifts and the trajectories of the two solitons after collisi
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are obtained. The effect of dust charge variation, which s
nificantly affects the characteristic collective motion
plasma, on the properties of head-on collisions of DA so
tary waves is also included. We expect that the present
vestigation will provide insight into and understanding of t
collective phenomenon related to DA solitary wave co
sions that are of vital importance in laboratory plasmas
well as in plasma applications.

Here, we consider an unmagnetized collisionless plas
consisting of ions, electrons, and cold, extremely mass
microsized, negatively charged dust fluid. The basic eq
tions governing the dusty plasmas for this system are@24#

]nd

]t
1

]~ndud!

]x
50, ~1!

]ud

]t
1ud

]ud

]x
5Zd

]f

]x
, ~2!

]2f

]x2
5Zdnd1ne2ni ; ~3!

the ion number densityni and electron number densityne
satisfy the Boltzmann distribution,

ni5m exp~2sf!, ne5n exp~bsf!. ~4!

In the above equations,b5Ti /Te is the ratio of ion tempera-
ture to electron temperature andd5ni0 /ne0 is the ratio of
the number density of ions to the number density of el
trons, s51/(m1nb), m5d/(d21), n51/(d21), and
the other notation has its usual meaning. The densities
electrons and ions are normalized byZd0nd0. The varia-
bles t, x, nd , ud , and f are normalized by vd

21

5(md/4pnd0Zd0
2 e2)1/2, lDd5(Te f f/4pZd0nd0e2)1/2, nd0 ,

Cd5(Zd0Te f f /md)1/2, and Te f f /e, respectively, where
ni0 ,ne0, and nd0 are the unperturbed number densities
ions, electrons, and dust particles, respectively,Zd0 is the
unperturbed number of charges residing on the dust parti
measured in units of the electron charge, andTe f f
5TiTe /(mTe1nTi).

The dust charge variationQd comes in through the charg
current balance equation@24,25#
©2004 The American Physical Society03-1
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]Qd

]t
1ud

]Qd

]x
5I e1I i , ~5!

which is valid for grain charging arising from plasm
currents due to electrons and ions reaching the g
surface. When the streaming velocities of the electr
and ions are much smaller than their correspond
thermal velocities, the expressions for the electr
and ion currents for spherical grains of radiusR
are given by I e52pR2e(8Te /pme)

1/2neexp(eF/Te),Ii

5pR2e(8Ti /pmi)
1/2ni(12eF/Ti), whereF denotes the dus

grain surface potential relative to the plasma potential. I
well known that the characteristic time for dust motion is
the order of tens of milliseconds for micrometer-sized grai
while the dust charging time is typically of the order
1028 s; therefore, the motion of dust is not so fast that
contribution from the electron current to the dust is balan
by the ions. It follows thatdQd /dt!I e ,I i , the current bal-
ance equation readsI e1I i50, and we obtain

ad~12sc!exp~2sf!2exp@bs~f1c!#50, ~6!

where a5Ab/m i , m i5mi /me , and c5eF/Te f f . Because
the dust chargeQd5RF, i.e., 2eZd5RTe f fc/e, then we
obtain the normalized dust charge~also denoted byZd)

Zd5
c

c0
, ~7!

where c05c(f50) is the dust surface floating potenti
corresponding to the unperturbed plasma potential, whic
determined by

ad~12sc0!2exp~bsc0!50. ~8!

Now, according to Eq.~6! and after expandingc5c(0
1f) nearf50, Eq. ~7! becomes

Zd511g1f1g2f21•••, ~9!

where

g15
1

c0

dc~f!

df U
f50

52
1

c0

~11b!~12sc0!

11b~12sc0!
, ~10!

g25
1

2c0

d2c~f!

df2 U
f50

5
c0

2

2

sg1
3

~11b!~12sc0!2
. ~11!

The variablesg1 ,g2, which are related to the physical pa
rameters, describe the effects of dust charge variation.
ting g15g250, then we obtain the constant dust char
case, i.e.,Zd51.

We assume two solitonsA andB in the plasma, which are
asymptotically, far apart in the initial state and travel towa
each other. After some time they interact, collide, and th
depart. We also assume that solitons have small amplitu
;e ~wheree is a smallness formal perturbation paramet!
and the interactions between solitons are weak. Hence
expect that the collision will be quasielastic, so it will cau
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only shifts of the postcollision trajectories~phase shift!. In
order to analyze the effects of collision, we employ an e
tended PLK perturbation method@20,22,23#. This extended
PLK method is a combination of the standard reductive p
turbation method@26,27# with the technique of strained co
ordinates. The main idea of this perturbation method is
follows. In the limit of the long wavelength approximation
asymptotic expansions for both the flow field variables a
the spatial or time coordinates are used. This makes a
formly valid asymptotic expansion~i.e., eliminates secula
terms! and at the same time obtains the change of the tra
tories~i.e., phase shifts! of the solitary waves after the colli
sion. According to this method, we introduce the stretch
coordinates

j5e~x2lt !1e2P0~h,t!1e3P1~j,h,t!1•••, ~12!

h5e~x1lt !1e2Q0~j,t!1e3Q1~j,h,t!1•••, ~13!

t5e3t, ~14!

where j and h denote the trajectories of the two soliton
traveling to the right and left, respectively. The wave velo
ity l and the variablesPj andQj are to be determined. From
Eqs.~12!–~14!, we have

]

]x
5eS ]

]j
1

]

]h D1e3S P0h

]

]j
1Q0j

]

]h D1•••, ~15!

]

]t
5elS 2

]

]j
1

]

]h D1e3S ]

]t
1lP0h

]

]j
2lQ0j

]

]h D
1•••. ~16!

Introducing the asymptotic expansion

nd511e2n11e3n21•••, ~17!

ud5e2u11e3u21•••, ~18!

f5e2f11e3f21•••. ~19!

Then, substituting Eqs.~4! and ~9! and Eqs.~15!–~19! into
Eqs. ~1!–~3! and by equating the powers ofe, we obtain a
hierarchy of coupled equations in different orders ofe. To
the leading order, we have

lS 2
]

]j
1

]

]h Dn11S ]

]j
1

]

]h Du150, ~20!

lS 2
]

]j
1

]

]h Du12S ]

]j
1

]

]h Df150, ~21!

n152~11g1!f1 . ~22!

The solution of Eqs.~20!–~22! reads

f15F1~j,t!1F2~h,t!, ~23!

n152~11g1!@F1~j,t!1F2~h,t!#, ~24!
3-2
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u152@F1~j,t!2F2~h,t!#/l, ~25!

and with the solvability condition@i.e., the condition to ob-
tain a uniquely definedn1 andu1 from Eqs.~20!–~22! when
f1 is given by Eq.~23!#, the wave velocityl251/(11g1) is
also obtained. The unknown functionsF1 and F2 will be
determined at higher order. Equations~23!–~25! imply that,
at the leading order, we have two waves, one of whi
F1(j,t), is traveling right, and the other one,F2(h,t), is
traveling left. At the next order, the solutions also have
following shape:

f25C1~j,t!1C2~h,t!, ~26!

n252~11g1!@C1~j,t!1C2~h,t!#, ~27!

u252@C1~j,t!2C2~h,t!#/l, ~28!

whereC1 andC2 are to be determined.
To the next higher order, we can deduce

l
]2u3

]j]h
5

1

2l

]

]j S ]F1

]t
1aF1

]F1

]j
1b

]3F1

]j3 D
1

1

2l

]

]h S ]F2

]t
2aF2

]F2

]h
2b

]3F2

]h3 D
1S ]P0

]h
1cF2D ]2F1

]j2
2S ]Q0

]j
1cF1D ]2F2

]h2

~29!

or

lu35
1

2lE S ]F1

]t
1aF1

]F1

]j
1b

]3F1

]j3 D dh

1
1

2lE S ]F2

]t
2aF2

]F2

]h
2b

]3F2

]h3 D dj

1E S ]P0

]h
1cF2D ]2F1

]j2
djdh

2E S ]Q0

]j
1cF1D ]2F2

]h2
djdh, ~30!

where a52l@312g2l21l2s2(nb22m)#/2,b5l3/2, and
c5@114g122g2l22l2s2(nb22m)#.

The first~second! term in Eq.~30! will be proportional to
h(j) because the integrated function is independent ofh(j).
Thus the first two terms of Eq.~30! are all secular terms
which must be eliminated in order to avoid spurious re
nances. Hence we have

]F1

]t
1aF1

]F1

]j
1b

]3F1

]j3
50, ~31!
01640
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]F2

]t
2aF2

]F2

]h
2b

]3F2

]h3
50. ~32!

The third and fourth terms in Eq.~30! are not secular
terms in this order, but they will become secular in the n
order @20,22#. Hence we have

]P0

]h
52cF2 , ~33!

]Q0

]j
52cF1 . ~34!

Equations~31! and~32! are the two-side traveling wave KdV
equations in the reference frames ofj and h, respectively.
Their corresponding solutions are

F15FA sec2F S aFA

12b D 1/2S j2
1

3
aFAt D G , ~35!

F25FB sec2F S aFB

12b D 1/2S h1
1

3
aFBt D G , ~36!

whereFA andFB are the amplitudes of the two solitonsA
and B in their initial positions. The leading phase chang
due to the collision can be calculated from Eqs.~33! and
~34!:

P052cS 12bFB

a D 1/2H tanhF S aFB

12b D 1/2S h1
1

3
aFBt D G11J ,

~37!

Q052cS 12bFA

a D 1/2H tanhF S aFA

12b D 1/2S j2
1

3
aFAt D G21J .

~38!

Hence, up toO(e2), the trajectories of the two solitary
waves for weak head-on interactions are

j5e~x2lt !2e2cS 12bFB

a D 1/2H tanhF S aFB

12b D 1/2

3S h1
1

3
aFBt D G11J 1O~e3!, ~39!

h5e~x1lt !2e2cS 12bFA

a D 1/2H tanhF S aFA

12b D 1/2

3S j2
1

3
aFAt D G21J 1O~e3!. ~40!

To obtain the phase shifts after a head-on collision of
two solitons, we assume that the solitonsA and B are, as-
ymptotically, far from each other at the initial time (t5
2`), i.e., solitonA is at j50,h52` and solitonB is at
h50,j51`. After the collision (t51`), soliton A is far
to the right of solitonB, i.e., solitonA is atj50,h51` and
soliton B is at h50,j52`. Using Eqs.~39! and ~40! we
obtain the corresponding phase shiftsDA andDB as follows:
3-3



it
a

r

Fig.
es

ate

ith-
ifi-

on
-on
e-
ma
e
ria-

der
dary
er

ce

JU-KUI XUE PHYSICAL REVIEW E 69, 016403 ~2004!
DA5e~x2lt !uj50,h51`2e~x2lt !uj50,h52`

52e2cS 12bFB

a D 1/2

, ~41!

DB5e~x1lt !uh50,j52`2e~x1lt !uh50,j51`

522e2cS 12bFA

a D 1/2

. ~42!

Since solitonA is traveling to the right and solitonB is
traveling to the left, we see from Eqs.~41! and~42! that due
to the collision each soliton has a positive phase shift in
traveling direction. The magnitudes of the phase shifts
related to the physical parameters, i.e.,e,d,b,g1 ,g2, and
FA(FB). The variations of phase shifts withb and d are
shown in Fig. 1~without dust charge variation, i.e.,g15g2
50) and Fig. 2@with dust charge variation, i.e.,g1 ,g2 are
determined by Eqs.~10! and~11!#. In all results, all physical
quantities are dimensionless ande50.1,FA5FB51 are
used. Figure 1 indicates that, for the constant dust cha
case, the phase shift increases withd but decreases withb.
For givenb, the phase shift increases steeply withd when
d,10 and changes smoothly withd whend.10. For given
d, the phase shift decreases withb, but the change is
weaker, especially whend→1 or d→dmax. However, when

FIG. 1. Variation of phase shift withd for different b ~without
dust charge variation!.
s

01640
s
re

ge

dust charge variation is considered, the results shown in
2 are very different from those in Fig. 1. Figure 2 indicat
that the phase shift increases with bothd andb. For small
b (,0.1) case, the variation of phase shift withd has a
similar character as shown in Fig. 1. But the increasing r
of phase shift withd increases withb. The increase of the
phase shift withd is steeper for largerb. For givend, Fig. 2
shows that the phase shift increases withb whend.5. The
increase of phase shift withb is steeper for largerd. We also
can see from Fig. 1 and Fig. 2 that, for givend andb, the
phase shift with dust charge variation is larger than that w
out dust charge variation, and the difference is more sign
cant for largerd andb.

In summary, by using the extended PLK perturbati
method, the leading-order analytical phase shifts of head
collisions between two DA solitary waves in an unmagn
tized dusty plasmas are derived. The effects of the plas
parametersd and b and the dust charge variation on th
phase shift are studied. It is shown that the dust charge va
tion has a significant effect on the phase shift. Higher-or
corrections, not considered here, may give some secon
structures in the collision event, especially, for the larg
wave amplitude case. This work is in progress.

This work is supported by the National Natural Scien
Foundation of China~Grant No. 10347006!.

FIG. 2. Variation of phase shifts withd for different b ~with
dust charge variation!.
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