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Head-on collision of dust-acoustic solitary waves
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The head-on collision between two dust-acoustic solitary waves in an unmagnetized dusty plasma is inves-
tigated, including consideration of the dust charge variation. By using the extended Paiigtahél-Kuo
perturbation method, the analytical phase shifts following the head-on collision are derived. The effects of the
ratio of ion temperature to electron temperature, the ratio of the number density of ions to the number density
of electrons, and the dust charge variation on the phase shift are studied. It is found that the dust charge
variation significantly modifies the phase shift.
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It is well known that the dynamics of dusty plasmas isare obtained. The effect of dust charge variation, which sig-
very different from that of the usual electron-ion plasma. Thenificantly affects the characteristic collective motion of
presence of highly negatively charged dust grains in plasmplasma, on the properties of head-on collisions of DA soli-
can modify the collective behavior of a plasma, as well agary waves is also included. We expect that the present in-
excite new modes and new nonlinear phenomena, such &§stigation will provide insight into and understanding of the
dust-ion-acoustic (DIA) waves [1], dust-acoustic (DA) collective phenomenon related to DA solitary wave colli-
waves[2], dust lattice(DL) waves[3], dust Coulomb waves Sions that are of vital importance in laboratory plasmas as
[4], dust voidg5,6], dust vortex flowg 7], etc. Among them, Well as in plasma applications.
the DIA solitary waves, the DA solitary waves, the DL soli-  Here, we consider an unmagnetized collisionless plasma
tary waves, and the envelope DIA/DA solitary way8$are  consisting of ions, electrons, and cold, extremely massive,
very important nonlinear structures and have been exteriicrosized, negatively charged dust fluid. The basic equa-
sively studied both theoretically and experimentally and retions governing the dusty plasmas for this system[adg
ported in some review articld®—11] or books[12,13 over

the last few years. In recent years, investigation of the Ma d(NgUg) _o 0
DIA/DA solitary waves has also been extended to nonplanar at X '

geometry[14—-18 and resulted in considerable success in

clarifying many aspects of the characteristics of DIA/DA dug dug dd

solitary waves. In the process of soliton propagation in dusty gt + Ud(;_xzzdgl @

plasmas, wave-wave interaction is another interesting and
important nonlinear phenomenon. Up to now, however, there 2
is no detailed investigation about the interaction of DIA/DA —— =Z4Ng+Ne— Ny ; 3)
solitary waves. We know that one of the striking properties ax?
of solitons is their asymptotic preservation of form when
they undergo a collision, as first remarked by Zabusky andhe ion number density; and electron number density,
Kruskal [19]. In a one-(or quasi-onedimensional system, satisfy the Boltzmann distribution,
there are two distinct soliton interactions. One is the overtak-
ing collision and the other is the head-on collisi@d]. Be- Ni=uexp—s¢), Ne=vexppse). (4)
cause of the multisoliton solutionfgravel in the same direc- ] ) ) )
tion) of the Korteweg—de Vries(KdV) equation, the N the above equationg=T, /T, is the ratio of ion tempera-
overtaking collision of solitary waves can be studied by thefureé to electron temperature amd=njo/neo is the ratio of
inverse scattering transformation mett@d]. However, for ~ the number density of ions to the number density of elec-
a head-on collision between two solitary waves, we mustons, s=1/(u+tvpB), w=6/(6-1), v=1/(6-1), and
search for the evolution of waves traveling to both sides, andhe other notation has its usual meaning. The densities of
hence we need to employ a suitable asymptotic expansion @Jectrons and ions are normalized Byongo. The varia-
solve the original fluid dynamic equations. Hence, in thisbles t, X, ng, ug, and ¢ are normalized bywgy*
paper, based on a one-dimensional model, the head-on collE (My/4mN40Z50€2) Y%, Npa=(Terd4mZgoNg0€?) Y% Ngo,
sion between two DA solitary waves is investigated by theCy= (ZgoTerr/Mmg)¥2, and Tes/e, respectively, where
extended Poincaseighthill-Kuo (PLK) method[20,22,23. Nip,Neg, and nyy are the unperturbed number densities of
It is shown that bi-directional solitary waves are propagatedons, electrons, and dust particles, respectivély is the
and head-on collision of these two solitons occurs. The phasgnperturbed number of charges residing on the dust particles
shifts and the trajectories of the two solitons after collisionmeasured in units of the electron charge, afid;s
:TlTe/(,lLTe+ VTi) .
The dust charge variatid@4 comes in through the charge
*Email address: Xuejk@nwnu.edu.cn current balance equatid4,25
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9Qyq 9Qyq only shifts of the postcollision trajectorigphase shift In
St TUag o =letli, (5)  order to analyze the effects of collision, we employ an ex-
tended PLK perturbation methd@0,22,23. This extended

which is valid for grain charging arising from plasma PLK method is a combination of the standard reductive per-
currents due to electrons and ions reaching the graiftrbation method26,27 with the technique of strained co-
surface. When the streaming velocities of the electron®rdinates. The main idea of this perturbation method is as
and ions are much smaller than their correspondingollows. In the limit of the long wavelength approximation,
thermal velocities, the expressions for the electrondsymptotic expansions for both the flow field variables and
and ion currents for spherical grains of radiu® the spatia! or time coprdinates are used'. This makes a uni-
are given by I.=—7R2e(8T./mm.) 2n.exped/T),I; formly valid asymptotic expansiofi.e., eliminates secular

term9 and at the same time obtains the change of the trajec-
— 1/2 _ )
= mRee(8T; /mm) n; (1~ ed/T;), whered denotes the dust tories (i.e., phase shifisof the solitary waves after the colli-

grain surface potential relativg to the plasma potential._ It iSSion. According to this method, we introduce the stretched
well known that the characteristic time for dust motion is of coordinates

the order of tens of milliseconds for micrometer-sized grains,

while the dust charging time is typically of the order of E=e(X—\t)+ €?Py(n, 1)+ P1(&, 1)+ -+, (12
108 s; therefore, the motion of dust is not so fast that the

contribution from the electron current to the dust is balanced 7= €e(X+\t)+€2Qo(&,7) + €2Q (&, 7, 1)+ -+, (13
by the ions. It follows thatl Qg /dt<<l,,l;, the current bal-

ance equation readg+1;=0, and we obtain =€, (14

ad(l-sp)exp(—s¢)—exgd ps(¢+¢)]=0,  (6)  where¢ and 5 denote the trajectories of the two solitons

traveling to the right and left, respectively. The wave veloc-
where a= B/ ui, pi=mi/Me, and y=ed/Terr. Because )\ anq the variable®; andQ; are to be determined. From

the dust charg®,=R®, i.e., —eZ;=RT4le, then we Egs. (12)—(14), we have
obtain the normalized dust char¢@so denoted by ) ' '

4 A A P + 15
Zy=—, (7) ax ozt oy T Pongg T Qo [+ (19
o
_ —ON - - J J 9 d J
where o= (=0) is the dust surface floating potential _:e)\< — 4 — |+ —+APy,——)\O _)
corresponding to the unperturbed plasma potential, which is dt 9E  dn ar O ¢ %ony
determined by
+..e. (16)
81— - =0. 8
@d(1=syo) —exp fsifo) ® Introducing the asymptotic expansion
Now, according to Eq.6) and after expanding/= (0 5 3
+ ¢) near¢=0, Eq.(7) becomes ng=1+en+eny+---, (17)
Zg=1+y b+ yop2+ -, 9) Ug= €Uy + €Suy+ - - -, (18
where d=€’p1t Pt ---. (19
_lde(e)] 1 (A+B)(1-SP) (19 Then, substituting Eq€4) and (9) and Eqs.(15)—(19) into
M=%, do so %o 1FB(L—syq) Egs. (1)—(3) and by equating the powers ef we obtain a

hierarchy of coupled equations in different orderseofTo

the leading order, we have
L due) i sy} w d
274 — .
2Y0  dep? 2 (14 B)(1-s¢)? 9,9
¢=0 -+ —+—|u=
A a§+(777 n,+ ﬁg+(977 u;=0, (20)
The variablesy,,vy,, which are related to the physical pa-
rameters, describe the effects of dust charge variation. Set- d d d d
ting y,=7,=0, then we obtain the constant dust charge A —ﬁ—§+% Up— a—§+% $1=0, (21)

case, i.e.Zy4=1.
We assume two solitons andB in the plasma, which are, ny=—(1+yy) b1 (22)

asymptotically, far apart in the initial state and travel toward

each other. After some time they interact, collide, and therrhe solution of Eqs(20)—(22) reads

depart. We also assume that solitons have small amplitudes

~ € (wheree is a smallness formal perturbation parameter P1=DP (&, 1)+ Do(7,7), (23
and the interactions between solitons are weak. Hence, we
expect that the collision will be quasielastic, so it will cause Ni=—(1+y)[DP1(&,7)+DPo(7,7)], (24
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ulz_[(bl(ng)_(DZ(an)]/)\! (25) (9(132 (9(1)2 {93(192_

5, —aby b =0, (32)

and with the solvability conditiofi.e., the condition to ob- an

tain a uniquely defined, andu, from Egs.(20—(22) when The third and fourth terms in Eq30) are not secular

. . . 2_ .
¢|1 IS ggvep bg Eqr.](23)],|:he wa\;e ve!00|ty\ _d1/(1+ ?ill)bls terms in this order, but they will become secular in the next
also obtained. The unknown functiods; and ®, will be order[20,27. Hence we have

determined at higher order. Equatiof&3)—(25) imply that,

at the leading order, we have two waves, one of which, Py
®,(&,7), is traveling right, and the other on@®,(7,7), is T —cdy, (33
traveling left. At the next order, the solutions also have the
following shape: 9Qq
l9_§ = —Cq)l. (34)
$2=W (& 7)+Wa(n,7), (26)
Equationg31) and(32) are the two-side traveling wave KdV
Ny=—(1+y)[¥1(&7)+W¥a(n,7)], (27)  equations in the reference frameséfind 7, respectively.
Their corresponding solutions are
Up=—[W1(&7)—Wa(n, 7]\, (28)
aq)A 1/2 1
whereW¥, and ¥, are to be determined. ®; =D, se¢ 12 §-zadar)|, (35
To the next higher order, we can deduce
aCDB 1/2
(92U3 1 9 [od, b, (93@1 (I)ZZCDBSG& ER} n+ §a(DBT) ) (36
dédn 2N\ 9&\ It & 93 . .
where®, and®y are the amplitudes of the two solitos
1 4 (o0, b, D, and B in their ir_mial positions. The leading phase changes
+5——| —=——-ad,—-b due to the collision can be calculated from E¢33) and
2\ dn\ It an an’ (34):
+|—=——+cd —|—==+cd =— —_— =
an 2) 982 IE 1 Py Po c a tan T2 n+ SaCI)BT)-'f'l ,
3
29 (37)
123(I)A 1/2 a(DA 1/2 ]
or Qo=-—c¢ a [tam’{ T (§—§a<bAr)_—l].
3 (38
1 b, b, D,
)\u"‘:ﬁf a7 131 9E +b P d7 Hence, up toO(€?), the trajectories of the two solitary
waves for weak head-on interactions are
1([od b,  PD
N {9_2_a 2(9_2_ 32)0'5 £=e(x—\t)— €c 120bs) ™ tant} | 228 "
T n an € € 1%
(?PO (92(1)1 1 3
+f W*’C‘Dz Py dédy x| 7+ 3aPer||[+1/+0(€), (39
4Q, ),92q>2 12bd 5\ 2 ad,|\ Y2
— | |=—+c® dédy, 30 = — €2 —
f( 9% S &dn (30) 7=€(x+\1) - e’c| — tanh | =~
where a= —\[3+ 2,72+ \?s%(vB%— u)]/2b=\%/2, and % g_laquT —11+0(éd). (40)
c=[1+4y;— 2y, 2= \2S2(vB°—p)]. 3

The first(secondl term in Eq.(30) will be proportional to
7(£) because the integrated function is independeni(d).
Thus the first two terms of Eq30) are all secular terms,
which must be eliminated in order to avoid spurious reso
nances. Hence we have

To obtain the phase shifts after a head-on collision of the
two solitons, we assume that the solitohsand B are, as-
ymptotically, far from each other at the initial time=
—©), i.e., solitonA is at £&=0,7=— and solitonB is at
n=0,£= +x. After the collision (= +x), solitonA is far
oD 2P to the right of solitorB, i.e., solitonAis at¢é=0,7= +« and

! ip—1=n, (31  soliton B is at »=0,¢=—=. Using Egs.(39) and (40) we

P
L4 ad, + - i !
2 9&3 obtain the corresponding phase shiftg andAg as follows:

aT
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FIG. 1. Variation of phase shift witlé for different 8 (without

dust charge variation
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Ap=€e(X=A)|¢=0y= +0— EX—ANU) =0 = =

12h®d 1/2
:262C< B) , (41)
AB:€(X+)\t)|7]=0’§=,o¢_€(X+)\t)|,7=o’§=+oo
12bd 1/2
= —2e%c| — A (42)

Since solitonA is traveling to the right and solitoB is
traveling to the left, we see from Eqgll) and(42) that due
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FIG. 2. Variation of phase shifts witly for different 8 (with
dust charge variation
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dust charge variation is considered, the results shown in Fig.
2 are very different from those in Fig. 1. Figure 2 indicates
that the phase shift increases with bditand 8. For small

B (<0.1) case, the variation of phase shift withhas a
similar character as shown in Fig. 1. But the increasing rate
of phase shift withé increases with3. The increase of the
phase shift withs is steeper for large8. For givend, Fig. 2
shows that the phase shift increases vatiwhen §>5. The
increase of phase shift with is steeper for larges. We also
can see from Fig. 1 and Fig. 2 that, for givérand 3, the
phase shift with dust charge variation is larger than that with-

to the collision each soliton has a positive phase shift in itut dust charge variation, and the difference is more signifi-
traveling direction. The magnitudes of the phase shifts argant for largers and 3.

related to the physical parameters, i.e.8,8,v1,Y2, and
O ,(dg). The variations of phase shifts witg and § are
shown in Fig. L(without dust charge variation, i.ey; =y,

=0) and Fig. 2[with dust charge variation, i.eyq,v, are
determined by Eq910) and(11)]. In all results, all physical
guantities are dimensionless and=0.1®P,=Pz=1 are

In summary, by using the extended PLK perturbation
method, the leading-order analytical phase shifts of head-on
collisions between two DA solitary waves in an unmagne-
tized dusty plasmas are derived. The effects of the plasma
parameterss and 8 and the dust charge variation on the
phase shift are studied. It is shown that the dust charge varia-

used. Figure 1 indicates that, for the constant dust charggon has a significant effect on the phase shift. Higher-order

case, the phase shift increases withut decreases witj8.
For given B, the phase shift increases steeply withwhen
6<10 and changes smoothly withwhen 6>10. For given
S, the phase shift decreases wiy but the change is
weaker, especially whed—1 or §— &,,.x- However, when

corrections, not considered here, may give some secondary
structures in the collision event, especially, for the larger
wave amplitude case. This work is in progress.
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